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The isospin-dependent quantum molecular dynamics model is used to investigate the nuclear collective 
ﬂow observables in semicentral 197Au+197Au collisions at 400A MeV. It is found that the calculated 
results can reproduce both the experimental data and the other theoretical calculations. We ﬁnd that the
cluster production inﬂuences the rapidity dependence of directed ﬂow of protons but less inﬂuences the 
results of tritons. Neutron–proton differential collective ﬂows have larger values when taking the neutron 
effective mass less than the one of protons as compared with the case of neutron effective mass greater 
than the one of protons at larger rapidities and transverse momenta. Thus neutron–proton differential 
collective ﬂows are proposed to be a useful probe to the neutron–proton effective mass splitting and the 
momentum-dependent symmetry potential.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.The nuclear symmetry energy usually consists of the kinetic 
energy, the local symmetry potential energy and nonlocal symme-
try potential energy. The local symmetry potential energy refers 
to the density-dependent and momentum-independent part while 
the nonlocal symmetry potential energy refers to the momentum-
dependent part. A lot of theoretical approaches [1–11] and experi-
mental data [10–16] have been devoted to the study of the nuclear 
symmetry energy at both subsaturation and suprasaturation densi-
ties in the past years, for the recent reviews, see Refs. [1,2,17,18]. 
However, in those theoretical models, the importance of the non-
local symmetry potential energy is seldom stressed and even it is 
not included in some of the models. Recent studies [19–24] have 
demonstrated that the results with and without the nonlocal sym-
metry potential energy are very different.
In the non-relativistic transport model, the nucleon effective 
mass measures the momentum-dependent nucleon single-particle 
potential. The nonlocal symmetry potential energy is closely re-
lated to the neutron–proton effective mass splitting m∗n −m∗p with 
m∗n and m∗p representing the neutron and proton effective masses, 
respectively. Different signs of the m∗n − m∗p correspond to differ-
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SCOAP3.ent nonlocal symmetry potentials [22,25]. Therefore, we have to 
constrain the sign of the m∗n −m∗p before constraining the nonlocal 
symmetry potential energy. Unfortunately, up to now, constraints 
on the m∗n −m∗p are still very controversial. Predictions using var-
ious approaches diverge quite widely especially at densities far 
away saturation point. Recently, by using the current constraints 
on the symmetry energy and its slope values at saturation density 
ρ0, Li et al. have obtained the mean values of the m∗n −m∗p at ρ0, 
that is, m∗n −m∗p = 0.27δ [26]. However, the values of the m∗n −m∗p
at abnormal densities are unknown. Observables sensitive to the 
m∗n −m∗p are needed to be found theoretically and the correspond-
ing experimental data are needed to be analysed.
Nuclear collective ﬂows have been found to be a useful tool 
for extracting information on both the isospin symmetric part [27,
28] and the isospin asymmetric part [10,22,29–33] of the nuclear 
equation of state (EoS). In general, the ﬂow observables are ob-
tained from the Fourier expansion of the azimuthal distribution 
[34]:
f (y, pt) ∝ 1+ 2v1 cos(φ) + 2v2 cos(2φ), (1)
where y is the rapidity along beam direction and pt =
√
p2x + p2y
the transverse momentum. φ is the azimuthal angle of the con-
cerned emitted particle with respect to the reaction plane. v1 =
〈px/pt〉 is the directed ﬂow and v2 = 〈(p2x − p2y)/p2t 〉 the elliptic  under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
W.-J. Xie, F.-S. Zhang / Physics Letters B 735 (2014) 250–255 251ﬂow, where the angular bracket stands for an average over all con-
cerned particles in a given event.
In this Letter, based on the isospin-dependent quantum molec-
ular dynamics model (IQMD) [35–37], by calculating the rapid-
ity and transverse momentum dependence of the v1 and v2
in semicentral 197Au+197Au collisions at 400A MeV, it is found 
that the theoretical results can reproduce both the experimen-
tal data reported by the FOPI Collaboration and the one obtained 
by the IQMD model used by Hartnack et al. [16]. Furthermore, 
the neutron–proton differential collective ﬂows are found to show 
a clear signal of the m∗n −m∗p . They have larger values for the case 
of m∗n <m∗p with respect to that of m∗n >m∗p in the larger rapidity 
and transverse momentum regions.
Most of details of the IQMD model used in the present work 
can be found in Refs. [35–37]. We improve the model through 
incorporating the isospin-dependent momentum dependent inter-
action. In the present model, the Hamiltonian H is expressed as
H = T + UCoul +
∫
V (ρ)dr, (2)
where T is the kinetic energy and UCoul the Coulomb potential 
energy. V (ρ) is the nuclear potential energy density functional, 
which is written as
V (ρ) = α
2
ρ2
ρ0
+ β
γ + 1
ργ+1
ρ
γ
0
+ gsur
2
(∇ρ)2
ρ0
+ E locsym(ρ)ρδ2, (3)
with
E locsym(ρ) =
1
2
Csym
(
ρ
ρ0
)γs
, (4)
and
E locsym(ρ) = Asym
(
ρ
ρ0
)
+ Bsym
(
ρ
ρ0
)2
. (5)
The parameters α, β and γ are taken as −390 MeV, 320 MeV 
and 1.14, respectively, and the corresponding compressibility is 
200 MeV [38]. gsur is taken as 130 MeV fm
5. The ﬁrst and second 
terms in Eq. (3) are the two-body and three-body terms, respec-
tively. The third one is the surface term and the last one corre-
sponds to the symmetry energy. Eq. (4) gives a hard, linear and 
soft symmetry energy when γs = 2, 1, 0.5, respectively. Eq. (5) cor-
responds to a supersoft symmetry energy.
A momentum-dependent energy density functional is included 
in the model, which reads [25]
Vmdi = 12ρ0
∑
τ ,τ ′,τ =τ ′
Cτ ,τ ′
∫ ∫ ∫
dpdp′dr fτ (r,p)
× ln2[0.0005(p− p′)2 + 1] fτ ′(r,p′), (6)
where Cτ ,τ = 1.57(1 − x) and Cτ ,τ ′ = 1.57(1 + x). The two sets 
of coeﬃcient values of Asym, Bsym, Csym and x are 43, −16.75, 
52.5 MeV and −0.65, and 32.41, −20.65, 23.52 MeV and 0.65 
corresponding to the mass splittings m∗n > m∗p and m∗n < m∗p , re-
spectively, which gives opposite mass splitting but quite similar 
density dependence of the symmetry energy. From Eq. (6) one 
can get the symmetry energy contribution from the momentum-
dependent potential part.
In Fig. 1, we show the Lane potentials as a function of momen-
tum for the two different density-dependent symmetry energies 
and mass splittings at ρ = 2ρ0. From Fig. 1, we can see that neu-
trons will suffer more repulsive force for the case of m∗n < m∗p
with respect to the one of m∗n > m∗p in larger momentum re-
gion. There is a crossing of two Lane potentials for the different Fig. 1. (Colour online.) Lane potential as a function of momentum for different 
density-dependent symmetry energies and neutron–proton effective mass splittings.
Fig. 2. (Colour online.) Directed ﬂow of protons as a function of reduced rapid-
ity for 197Au+197Au collisions at 400A MeV with centrality 0.25 < b0 < 0.45 and 
transverse 4-velocities cut ut0 > 0.4. The results are calculated by using hard (up-
per panel) and supersoft (bottom panel) density-dependent symmetry energy and 
different neutron–proton effective mass splittings in the framework of the IQMD 
model. The data and results of the IQMD model used by Hartnack et al. are taken 
from Ref. [16].
density-dependent symmetry energies. Moreover, it is found that 
the momentum value of the crossing point for the hard density-
dependent symmetry energy is larger than the one of the supersoft 
one. This reﬂects the fact that, in high density region (ρ = 2ρ0), 
the density-dependent symmetry energy plays a more important 
role than the momentum-dependent symmetry energy. For in-
stance, at k = 2 fm−1 for the hard density-dependent symmetry 
energy (top panel of Fig. 1), it is expected that neutrons suffer 
more repulsive force for the case of m∗n <m∗p than the one of m∗n >
m∗p if we do not consider the effects of the density-dependent 
symmetry energy. However, the values of the density-dependent 
symmetry energy which corresponds to the case of m∗n > m∗p are 
larger than the one of m∗n <m∗p at ρ = 2ρ0. Thus total effects are 
more repulsive force to neutrons for the case of m∗n >m∗p with re-
spect to the one of m∗n <m∗p as shown in the top panel of Fig. 1.
Shown in Fig. 2 is the rapidity dependence of directed ﬂow, 
v1(y0), of protons produced in 197Au+197Au collisions at 400A
MeV with centrality 0.25 < b0 < 0.45 and cut ut0 > 0.4. Here 
b0 = b/bmax is the reduced impact parameter with bmax = 1.15×
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197Au+197Au collisions at 400A MeV with centrality 0.25 < b0 < 0.45 and trans-
verse 4-velocities cut ut0 > 0.4. The results are calculated by using different cases 
of density-dependent symmetry energy and m∗n <m∗p in the framework of the IQMD 
model. The data and results of the IQMD model used by Hartnack et al. are taken 
from Ref. [16].
(A1/3P + A1/3T ), and ut0 = ut/up is the reduced transverse 4-velocity 
with the index p referring to the projectile in the centre-of-mass 
frame as deﬁned in Refs. [15,16]. In the calculations we take two 
different cases of the density-dependent symmetry energy and 
neutron–proton effective mass splittings. It is found that our re-
sults (shown as full circles and squares), which is quite consistent 
with the one (shown as full line) of the IQMD model used by Hart-
nack et al. [16], overestimate the values of the experimental data 
(shown as blue stars) of the FOPI Collaboration [16]. This is be-
cause the IQMD model, in which the spin degrees of freedom are 
not included, cannot describe exactly the α production mechanism. 
As analysed in Ref. [16], it lacks suﬃcient cluster production in the 
IQMD simulations, especially the α production, which results in 
too many free nucleons. Some of them should be bound, but they 
are unbound in the simulations. However, we think that this de-
ﬁciency will not inﬂuence the present work too much since the 
quantities studied here, such as the neutron–proton effective mass 
splitting and neutron–proton differential collective ﬂows, are rela-
tive.
Shown in Fig. 3 is the rapidity dependence of directed ﬂow of 
tritons produced under the same conditions as in Fig. 2. In the cal-
culations the hard and supersoft cases of the density-dependent 
symmetry energy and only the case of m∗n < m∗p are taken. It is 
seen that the calculated results can reproduce well not only the 
experimental data but also the results obtained by the IQMD used 
by Hartnack et al. Moreover, it is interesting that the discrepancy 
with data seen in Fig. 2 is not observed for the results of tritons. 
The deﬁciency in the IQMD simulations, lack of suﬃcient α pro-
duction due to the lack of spin degrees of freedom, less affects the 
results of tritons.
From Figs. 2 and 3, we can see that the rapidity distribu-
tions of directed ﬂow of protons and tritons are insensitive to 
both the neutron–proton effective mass splitting and the density-
dependent symmetry energy. This is because the pressure contri-
bution from the isospin dependent interaction (symmetry potential 
part) is relatively smaller than those from the isospin independent 
interaction and kinetic part [39]. The total effects caused by the 
neutron–proton effective mass splitting and the density-dependent 
symmetry energy are too small to be useful. Therefore, the rapidity 
distributions of directed ﬂow cannot be used to extract the in-
formation on the neutron–proton effective mass splitting and the 
density-dependent symmetry energy.
To further compare with the experimental data, we have cal-
culated the rapidity distributions of elliptic ﬂows of protons pro-
duced under the same conditions as in Fig. 2. Two different cases Fig. 4. (Colour online.) Rapidity dependence of proton elliptic ﬂow produced in 
197Au+197Au collisions at 400A MeV with centrality 0.25 < b0 < 0.45 and trans-
verse 4-velocities cut ut0 > 0.4. The results are calculated by using hard (upper 
panel) and supersoft (bottom panel) density-dependent symmetry energy and dif-
ferent neutron–proton effective mass splittings in the framework of the IQMD 
model. The data and results of the IQMD model used by Hartnack et al. are taken 
from Ref. [16].
of density-dependent symmetry energy and neutron–proton effec-
tive mass splitting are taken in the calculations. The calculated 
results are shown in Fig. 4. A good agreement between our re-
sults and the FOPI data can be found, except for the values in 
the very larger rapidity region. There are a slightly difference be-
tween our results and the one of the IQMD used by Hartnack et 
al. Similar to the rapidity distributions of directed ﬂow, the rapid-
ity distributions of elliptic ﬂow of protons are also insensitive to 
the density-dependent symmetry energy. This is due to the fact 
that, though the pressure contributions from isospin dependent, 
isospin independent interactions and kinetic part are almost equal 
for the elliptic ﬂow [39], the effects from the density-dependent 
symmetry potential are largely reduced by the Coulomb repulsion 
to protons. It is easy to understand that this effect will be large for 
neutrons. Our results on the elliptic ﬂow are consistent with the 
one of Ref. [10].
From Fig. 4, it is seen that the proton elliptic ﬂow has a larger 
value for the case of m∗n >m∗p with respect to the one of m∗n >m∗p
at larger rapidity values. This is due to the fact that nucleons with 
smaller effective mass will suffer more repulsive force at larger 
momenta. However, this phenomenon does not occur in the mid-
rapidity region. This is because in the mid-rapidity region, where 
the system is highly compressed, the density-dependent symme-
try potential plays a more important role than the momentum-
dependent symmetry potential. The effects arisen by the neutron–
proton effective mass splitting are cancelled by the effects of the 
density-dependent symmetry potential.
It is worth noting that Giordano et al. [22] also calculated the 
proton elliptic ﬂow for two different mass splittings for the re-
action system and incident energy same as in the present work 
(see Fig. 10 of Ref. [22]). They found that proton elliptic ﬂow had 
a larger value for the case of m∗n > m∗p than the one of m∗n < m∗p , 
which is different from the present results of Fig. 4. We think the 
different density-dependent and momentum-dependent symmetry 
potentials used in the model of Ref. [22] and our model should 
be responsible for this difference, especially different momentum-
dependent symmetry potentials. It is also possible that the density 
range explored along the reaction path in our calculations dif-
fers from the one in Ref. [22]. The density values reached in the 
W.-J. Xie, F.-S. Zhang / Physics Letters B 735 (2014) 250–255 253Fig. 5. (Colour online.) Rapidity dependence of neutron–proton differential directed 
ﬂow produced in 197Au+197Au collisions at 400A MeV with centrality 0.25 < b0 <
0.45 and transverse 4-velocities cut ut0 > 0.4. The results are calculated by using 
hard (upper panel) and supersoft (bottom panel) density-dependent symmetry en-
ergy and different neutron–proton effective mass splittings in the framework of the 
IQMD model.
calculations are different, which results in the different crossing 
points of the Lane potential. This would affect the calculated re-
sults. Moreover, in Ref. [20] and our recent work [23], it is found 
that asymmetry of fast nucleon emission is (sensitive) insensitive 
to the neutron–proton effective mass splitting at (larger) lower ra-
pidity values, which seems to support our present results.
To explore the observables sensitive to the neutron–proton ef-
fective mass splitting, inspired by Ref. [30], we deﬁne the neutron–
proton differential collective ﬂows as
Fn–pvi (y) =
Nn(y)
N(y)
vni (y) −
Np(y)
N(y)
vpi (y) (7)
and
Fn–pvi (pt) =
Nn(pt)
N(pt)
vni (pt) −
Np(pt)
N(pt)
vpi (pt), (8)
where i = 1 and 2 correspond to the neutron–proton differential 
directed and elliptic ﬂows, respectively. N(y), Nn(y) and Np(y) are 
the total, neutron and proton numbers of free nucleons at rapid-
ity y, respectively. It is known that the neutron–proton differential 
transverse ﬂow is a useful probe of the density-dependent sym-
metry potential [30]. More important is such quantities are less 
affected by both the isoscalar part of nuclear EoS and the in-
medium nucleon–nucleon cross sections since they are the relative 
quantities between neutrons and protons.
Are the neutron–proton differential collective ﬂows sensitive 
to the neutron–proton effective mass splitting? To answer this 
question we have calculated the rapidity dependence of neutron–
proton differential directed and elliptic ﬂows produced under the 
same conditions as in Figs. 2 and 4, respectively. The results are 
shown in Figs. 5 and 6, respectively. It is seen that the neutron–
proton differential directed and elliptic ﬂows are sensitive to the 
neutron–proton effective mass splitting in larger rapidity region. 
This phenomenon is more prominent in the calculations with the 
hard density dependent symmetry energy. Similar phenomena can 
be found in Fig. 7 which shows the transverse momentum de-
pendence of neutron–proton differential directed ﬂow produced in 
197Au+197Au collisions at 400A MeV with centrality 0.25 < b0 <
0.45 and rapidity cut 0.4 < y0 < 0.8, where pproj is the momen-
tum of projectile in the centre-of-mass system. One can see that Fig. 6. (Colour online.) Rapidity dependence of neutron–proton differential elliptic 
ﬂow produced in 197Au+197Au collisions at 400A MeV with centrality 0.25 < b0 <
0.45 and transverse 4-velocities cut ut0 > 0.4. The results are calculated by using 
hard (upper panel) and supersoft (bottom panel) density-dependent symmetry en-
ergy and different neutron–proton effective mass splittings in the framework of the 
IQMD model.
Fig. 7. (Colour online.) Transverse momentum dependence of neutron–proton differ-
ential directed ﬂow produced in 197Au+197Au collisions at 400A MeV with central-
ity 0.25 < b0 < 0.45 and rapidity cut 0.4 < y0 < 0.8. The results are calculated by 
using hard (upper panel) and supersoft (bottom panel) density-dependent symme-
try energy and different neutron–proton effective mass splittings in the framework 
of the IQMD model.
the transverse momentum distributions of neutron–proton differ-
ential directed ﬂow are sensitive to the neutron–proton effective 
mass splitting at larger transverse momenta.
According to the deﬁnition of effective mass in the non-
relativistic transport model, the nucleons with smaller effective 
mass will suffer more repulsive (attractive) force at higher (lower) 
momenta [2]. Different signs of the effective mass splitting corre-
spond to the opposite slopes of the Lane potential [20]. For the 
Fn−pv1 (y) at y0 ≤ 0.5 shown in Fig. 5, the Fn−pv1 (y) is insensi-
tive to the neutron–proton effective mass splitting but sensitive 
to the density-dependent symmetry energy. This is because in 
smaller rapidity region, where the system is strongly compressed, 
the density-dependent symmetry potential plays a more impor-
tant role than the momentum-dependent symmetry potential. The 
254 W.-J. Xie, F.-S. Zhang / Physics Letters B 735 (2014) 250–255neutron–proton differential directed ﬂow has a larger value when 
taking the hard density-dependent symmetry energy compared 
with that of the supersoft one, which is due to the stronger repul-
sive force to neutrons for the hard-density dependent symmetry 
energy than that of the supersoft one. There are no differences 
for the results when taking two different effective mass split-
tings, which is due to the fact that the effects from the neutron–
proton effective mass splitting are reduced by the effects from the 
density-dependent symmetry potential.
In larger rapidity region (y0 > 0.5) shown in Fig. 5, the 
neutron–proton differential directed ﬂow has a larger value when 
taking the case of m∗n < m∗p than those of m∗n > m∗p . This is be-
cause the nucleon has larger momentum and thus the effects of 
the neutron–proton effective mass splitting are more pronounced. 
Moreover, in this region, where the nucleon has the low density 
thus the density-dependent symmetry potential does not play im-
portant role any more. The neutron will suffer more repulsive force 
in the case of m∗n <m∗p than those of m∗n >m∗p . Inversely, the pro-
ton will suffer more attractive force in the case of m∗n < m∗p than 
those of m∗n >m∗p . Similar phenomena can also be observed for the 
Fn−pv2 (y) in larger rapidity region shown in Fig. 6.
In smaller rapidity region shown in Fig. 6, one can see that the 
Fn−pv2 (y) has larger values in the case of m∗n > m∗p for both of the 
hard and supersoft density-dependent symmetry energies. If we do 
not consider the effects of the density-dependent symmetry po-
tential, we expect that the Fn−pv2 (y) has larger values in the case of 
m∗n <m∗p . However, in this region as described above, the density-
dependent symmetry potential plays a more important role than 
the momentum-dependent symmetry potential. Though there is 
stronger repulsive force to protons for the case of m∗n > m∗p with 
respect to the case of m∗n < m∗p , the repulsive force to neutrons 
due to the density-dependent symmetry potential is stronger for 
the case of m∗n >m∗p with respect to the case of m∗n <m∗p . There-
fore, the total effects are more repulsive force to neutrons for the 
case of m∗n >m∗p with respect to the case of m∗n <m∗p .
For the Fn−pv1 (pt) shown in Fig. 7, in the lower transverse mo-
mentum region, the Fn−pv1 (pt) is insensitive to both the density-
dependent symmetry energy and the neutron–proton effective 
mass splitting. This is due to the fact that nucleons with smaller 
transverse momenta are mostly from the low density region, 
where the effects of the density-dependent symmetry energy are 
very small. The effects of the neutron–proton effective mass split-
ting are small because the nucleon in this region has smaller 
momentum. In the larger transverse momentum region, the nu-
cleon is mostly from the high density region. The neutron–proton 
differential ﬂow has the larger values in the case of hard density-
dependent symmetry energy than those of the supersoft one. The 
effects of more repulsive force to neutrons for the hard density-
dependent symmetry energy with respect to the supersoft one 
are responsible for this phenomenon. The neutron–proton differ-
ential directed ﬂow has the larger values when taking the case of 
m∗n <m∗p than those of m∗n >m∗p . This is attributed to the fact, sim-
ilar to the analysis of Figs. 5 and 6, for the case of m∗n < m∗p , the 
neutrons will suffer more repulsive force at larger transverse mo-
menta compared with the case of m∗n >m∗p .
It is needed to stress that the free nucleons (protons) and clus-
ter production (tritons) in the present work are identiﬁed through 
using a minimum spanning tree (MST) algorithm, in which nucle-
ons with relative momentum p0 ≤ 280 MeV and relative distance 
R0 ≤ 3 fm are coalesced into a cluster. Moreover, the MST algo-
rithm just makes sense when the system is very dilute and cannot 
be used to extract the cluster production information in the early 
reaction state [40,41]. The simulation time in this work is 300 fm/c, 
which allow us to use the MST algorithm to approximately extract the information of cluster production. It is diﬃcult for the present 
model to describe exactly the cluster production, especially the α
production in heavy ion collisions. Further improvements to the 
model by considering the spin degrees of freedom are needed.
In conclusion, the collective ﬂow observables in semicentral 
197Au+197Au collisions at 400A MeV have been investigated by the 
IQMD model, in which the different cases of density-dependent 
symmetry energy and neutron–proton effective mass splittings are 
incorporated. It is found that our calculated results can reproduce 
the experimental data reported recently by the FOPI Collaboration 
as well as the results obtained by the IQMD model used by Hart-
nack et al. The cluster production plays an important role in repro-
ducing the data of proton rapidity distributions of directed ﬂow, 
however, less inﬂuences the results of tritons. Neutron–proton dif-
ferential collective ﬂows are proposed to be a good probe to the 
neutron–proton effective mass splitting. They have a larger value 
when taking the case of m∗n <m∗p compared with that of m∗n >m∗p .
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